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Abstract: Collaborative parameter estimation is a significant application of distributed multi-agent network. In practical scena-
rios, there are many multi-task oriented applications that the networks have multiple optimum parameter vectors to be estimated.
Considering the condition that the input and output of agents are corrupted by additive noises, the network can be modeled as
the multi-task errors-in-variables (M-EIV) problem. Total least-squares (TLS) method is a typical solution to the EIV problem
for it can minimize the perturbation both in input and output data. In this paper, we study the problem of unbiased parameter
estimation over multi-task networks whose nodes’ inputs are corrupted by white noises. We propose a novel multi-task TLS
(M-TLS) algorithm which can reach consistent unbiased estimation. Simulation results show that the proposed algorithms can

achieve consistent and unbiased estimation.
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1 Introduction

The study of distributed multi-agent networks is a hot
topic recently[1-4] and the networks are widely used in
wireless, environmental monitoring and medical applica-
tions, etc[5, 6]. Their merits such as scalability, robustness
and communication reduction make them suitable for per-
forming decentralized tasks such as parameter estimation.
Compared with single-task network, multi-task network is
more suitable to the complex practical application scenarios.
In this paper, we study the problem of multi-task parameter
estimation over distributed adaptive networks.

Several algorithms over distributed networks have been
intensively studied to solve the single-task parameter esti-
mation problems[7-9]. However, many practical applica-
tions are multi-task oriented inherently[10], which means
that the agents have to estimate multiple parameters. A dif-
fusion least mean squares(LMS) algorithm over multi-task
networks has been proposed in [11]. The research analyzes
the stochastic behavior of diffusion LMS algorithm under
the condition that it takes multiple tasks. The diffusion LMS
network has been developed in an unsupervised way, which
means that the nodes are unaware of the relations with theirs
neighbors. Each node is allowed to choose its neighbors by
adjusting the combination weights adaptively. As the recur-
sive least-squares(RLS) has better convergence rate and es-
timation accuracy than LMS, a distributed sparse multi-task
RLS algorithm has been put forth in [12]. The paper has
pointed out that sparsity exists widely among nature signals
and big data. A decentralized on-line alternating direction
method of multipliers technique and an on-line sub-gradient
method have been applied to the distributed RLS to construct
the multi-task algorithm. Besides, there are also several re-
searches on the topic of multi-task adaptive networks[13—
15].

Though the multi-task algorithms have been well devel-
oped, most of them do not consider the condition that the in-
put data is interrupted by additive noise, which is also called
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multi-task errors-in-variables (M-EIV) problem. In this sit-
uation, the total least-squares (TLS) algorithm is considered
as an efficient solution to the EIV problem. Recently, a dis-
tributed TLS algorithm with adaptive intertask cooperation
has been studied in [16]. It has the ability to undertake the
multiple tasks and it is used to obtain unbiased estimation.
But it needs to take the derivative of the TLS cost function di-
rectly, which leads to large algorithm complexity. To obtain
unbiased estimation and take multiple tasks simultaneously,
we propose a novel multi-task TLS (M-TLS) algorithm.

In this paper, the parameter estimation is considered as the
process of solving the overdetermined equation. The error
emendation vector and matrix are added to the both sides of
the equation to correct the perturbations in output and input
data. The M-TLS tries to minimize both the error emen-
dation vector and matrix. But unlike the classic criterion,
our proposed algorithm does not require the transmission or
inversion of matrices. It is developed in a stochastic gradi-
ent descent fashion. The M-TLS is designed under diffusion
criterion because the diffusion strategy is more robust to the
link failure. Simulation results show that the suggested algo-
rithm can obtain unbiased estimates in the presence of noisy
inputs. It also illustrates that our clustering model meets the
requirements of multi-task parameter estimation problems.

Our contributions are summarized as follows. Firstly,
we analyze the M-EIV problem and illustrate that M-TLS
can reach a consistent estimation and propose an M-TLS
algorithm. We use the proximal gradient descent method to
fulfill the computation instead of singular value decomposi-
tion (SVD). This makes M-TLS require less computational
resource and have fast convergence rate. Secondly, we
analyze the topology of multi-task distributed networks
and construct the proposed algorithms in diffusion fashion.
Through the clustered model, each cluster is assigned a
task and the whole network can undertake the multiple
parameter estimation objectives. At last, we make numerical
simulations and evaluate the performances of algorithms.



Notation:
x Boldface lower case letters denote vectors.
P Bold face upper case letters denote matrices.
R Field of real valued numbers.
° Estimator.
-© True value of parameter.
OR Vector or matrix transpose operator.
J() Cost function.
V() Differential operator.
E[] Statistical expectation.
Il Iz Euclidean norm operator.
N Adjacent nodes of node k.
Cp Cluster p.
C(k) Cluster where node k belongs.

2 Problem Statement

We distinguish three types of networks depending on the
relationship of parameter vectors w? across the nodes[15]:

1) Single-task networks: All agents collaborate with each
other to estimate the same parameter w°®.

Multi-task networks: Each agent k has its own optimum
parameter wy.

Clustered multi-task networks: The networks are di-
vided into several clusters. The optimum parameter
vector w%p of cluster C), is different from other clusters
yet all nodes of cluster C}, have same optimum param-
eter vector.

2)

3)

The single-task networks and multi-task networks are par-
ticular cases of the clustered multi-task networks. When
a cluster only contains one node, the clustered multi-task
networks degenerate into multi-task networks. And when
the nodes are all clustered together, the clustered multi-task
networks degenerate into single-task networks. In this pa-
per, we study the problem of multi-task parameter estimation
over clustered multi-task networks.

Consider a multi-agent network shown as Figure 1. Each
node is an L order FIR system and the network consists NV
nodes. The straight line between two neighboring nodes rep-
resents the bidirectional channel where information flows.
Agents of cluster C, have the optimum parameter vector
wg, , which is different from the optimum parameter vector
of other clusters. In this paper, the parameter estimation is
modeled as an M-EIV problem, which emphasizes that both
the input and output of each node are corrupted by noise.

Fig. 1: EIV system identification model over network.
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At time 7, the node £ of cluster C), can be modeled as

di (i) = wy ;we,,
(M

=Ug,; + Nk
dy (i) + vr(7)

Zkyi
i (4)

)

where w¢, is an L x 1 unknown parameter vector. All the
vectors are column vectors in this paper. The dj, () is a scalar
and uy, ; is an L x 1 vector and they are the measurements of
the output and input processes di and wuy respectively. The
1y ; and vy () denote the input noise vector and output noise
scalar respectively.
The FIR system is modeled under several assumptions[4]:
« Both input and output noises are stationary ergodic zero
mean white with unknown variance o2 and o2 respec-
tively.
o The uy, and dj, are correlation-ergodic processes.
o Uy, N, V(1) are independent with each other.
Considering the cluster C), of the multi-task network, the
least-squares (LS) algorithm is considered as solving overde-
termined equations under LS criterion. Consider an overde-
termined equation
zZl We, =Ye,, 2)
where Zc, € R™*™ is an error-perturbed data matrix,
We, € R"™*4 is a deviation-perturbed parameter matrix and
Yc, € R™*4 is an error-perturbed measurement. The so-
lution of this equation does not exist because m > n. Thus
an approximate solution is needed to be found out. The LS
method aims to compensate the perturbation in right hand
side of the equation by adding a correction matrix AY¢, to
get an exact solution:

|AYe, |13

WCLS =arg min
p
Cp

Cp>

subject to ZTc, W, = Yo, + AYc, .

3

Apparently the smaller the || AY¢, |13 is, the less perturbation
exists in Y¢, .

The LS method only focuses on minimizing the residual
IAYG, |3 = (|24, We, — Yo, |3, thus it cannot obtain a
consistent estimation in EIV problems. The TLS algorithm
is motivated by balancing the asymmetry that Y, is cor-
rected while Z¢, is not[17] in LS. When both Z¢ and Y,
are perturbed, the TLS method aims to compensate the per-
turbation in both sides of the equation:

ﬁ\lgpLS =arg ”[AZCMAYCP”@

min
We,,AZc, ,AYc,

subject to (ZCP + AZCP)TWC,, = YCp + AYCP

“

Figure 2 shows the differences of geometrical meaning be-
tween the LS and TLS methods. When the dimension of pa-
rameter matrix ch is 1, whichmeansn = 1, d = 1, the re-
lationship between Y, and Z¢, can be shown in rectangu-
lar coordinate system, where the slope of straight line is the
estimated parameter. The target of TLS method is to min-
imize > «; while that of LS is minimizing 3 8;. That is,
the LS method tries to minimize the vertical distance but the
TLS tries to minimize the perpendicular distance. And we



can draw the conclusion that TLS-type algorithm can gain a
consistent estimation.
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Fig. 2: Geometrical meaning of the LS and the TLS methods
forn=1,d =1.

When the dimension of parameter matrix W, is bigger
than 1, finding a TLS solution is equal to seeking the closest
ZZ: ] and subspace P, where z; is the
3
i-th row of matrix Z¢, and y; is the i-th element of Y™ and

P:{ (;>z€R"X1,y€R,y:sz }

3 Multi-task TLS algorithm

approach between {

In many practical situations, the similarities and relation-
ships do not exist among the parameters of neighboring
nodes, which means that the cluster’s objective parameters
are often completely different from others. Thus in this pa-
per, we study the condition that the information interaction
does not exist in nodes which belongs to different clusters.
Each cluster has its particular parameter vector. The nodes
belong to same cluster collaborate with each other to esti-
mate parameter while the nodes belong to different do not
exchange informations with others. Considering a clustered
multi-task network whose N nodes are grouped into several
clusters and using distributed FIR model, the M-EIV prob-
lem can be described as minimizing a global cost

N

i AZi, Ayl
wi AZp Ay ; ITAZ, Aye]ll2 )

subject to (Zy + AZk)w = yi + Ayy,

2k 1,281, 200t AZy =
_[nk,la NEga1,: - 7nk,i]T’ Y = [yk(1)7 yk<2)7 Yk (Z)]T
and Ay, = —[vr(1),v,(2),- - ,vi(4)]T. Considering each
cluster has different optimum parameters, the global cost
degenerates into local cost within cluster C'(k):

where Z, =

min Z 1[AZ, Ay]l|3
W AT Y ROk (©6)

subject to (Zy + AZy)w = yi + Ayy,

For each node k, equation (6) can be converted into a local
cost function

min AZ,, A 2
L an 170 Al o

subject to (Zy + AZk)w = yi + Ay
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Define the augmented data matrix Ax, = [Zk,yi] ,
AAy = [AZ, Ayy| and vector by, = { ivl . The equa-
tion (7) can be described as

min AA|?
wi,AZy, Ay ” kHQ (8)

subject to (A + AAk)b, = 0.
If ||bx]|3 = 1 and rewrite equation (8) as
Apby = c = —AAby, )

the TLS problem can be converted into a constrained stan-
dard least-squares problem, which can be described as

min || Agby |3 = min |[c[|3 (10)

subject to bl by, = 1. (11)

The vector ¢ can be seen as the error vector of TLS solution
to Axbr = 0. It is known that the solution of equation (10)
and (11) is the right vector corresponding to the minimum
singular value of the matrix Ay[18]. If the singular value
decomposition of Ay, ; is

Aj = UpSi Vi, 12)

and the singular value of the matrix Aj, ; is sorted as decreas-
ing order and oy, 1, > o), r+1, which means the smallest sin-
gular value is strictly smaller than the second smallest one,
the total least square will be unique as

~TLS v, r+1(1: L)
WTLS — _UeLnl\l i h) (13)
k Vk,L41(L + 1)

where v, ; 1,41 is the (L + 1)-th column of matrix Vj, ;.

As the SVD consumes lots of computational resource[17],
we introduce a proximal gradient descent method to obtain
the singular vector for the TLS solution. Consider the prob-
lem

min f(xrq) + g(@r,i), (14)

where f : R" — R is a differentiable function while ¢ :
R"™ — R is no need to be differentiable. Both f and g
are closed proper convex functions. The proximal gradient
descent method can be implemented as

2, = prox, (21 — SVf(@im),  (15)
where the prox-operator is defined as
. 1 2
prox,,,(u) = argmin,, (g(@) + @ —ul3). (16
Combining the proximal gradient descent method with the

TLS problem described by equation (10) and (11), it is obvi-
ous that

f(br) = by A Ayby, (17
and g(-) is the indicator function
0 B ll5 =1
gwm:{ ; (18)
+o0 [[brll5 # 1.



As the function g is exactly the projection into the hyper-
sphere, it is obvious that

xr

IEIR

prox,, () when x # 0. (19)

The differential of function f can be described as
Vf(br) = 2A] Ayby. (20)

To make it suitable for on-line analysis, we use the instanta-
neous data [z} ;, y(4)] to replace Ay, hence

Vi) =2 (2 u@®)] [z uw(@)] be. @D

Substituting (21) and (19) into (15), we derive the updating
function

Pri=br_1:— [ zk’-i) } [Zgz,yk(l)] br_1:

Y (i 22)
b — Pk,i
ki =
lpk,ill2
and the estimate of the objective parameter
bi(l: L)
~TLS k

= - 23

The M-TLS is designed in a diffusion strategy fashion.
Compared with other distributed strategies, the diffusion
strategy is more robust to link failure, which makes it more
suitable for the complex application scenarios, such as multi-
task networks. The diffusion includes two schemes: adapt-
then-combine (ATC) and combine-then-adapt (CTA). It has
been proved that the ATC usually outperforms CTA [10] and
we construct our algorithm with ATC scheme.

Multi-task TLS (M-TLS)

Initialization:
bro = 6[1,1,---,1]7, § is a small constant posi-
tive number.
fori=1:T
for each node k:
Pri = br,i—1 —
Zk,i T .
! Ziiy Yk (9)] br,i—1;
u[ i) } (Zit,i, ()] br,ia
Vi = Pri/ [Pk, ill23
b = > awr;
LENL N C(k)
~TLS _ b (1:L) |
Wk = Ty (L11)°
end

4 Simulation results

In this section, we implement the proposed algorithms to
obtain numerical simulation results. We compare the pro-
posed algorithm with the TLS with adaptive cooperation
(AC-dTLS), TLS with fixed intertask combiners (FC-dTLS)
and independent TLS (IND-dTLS)[16] to evaluate its perfor-
mance and verify its effectiveness.

The performances are evaluated by taking the mea-
surements of the transient network mean square deviation
(MSD). The MSD is defined as:

N
1 . X
MSD = N;\|w0(k) — 2. (24)
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Consider a multi-agent network that contains 18 agents
which is divided into 6 clusters: C; = 1,2,3,Cy =
4,5,6,C3=17,8,9,Cy =10,11,12,Cs = 13,14,15,Cs =
16,17, 18. The FIR filter order is set as 5 taps. To evaluate
the performance of our proposed algorithm under different
conditions, the simulations are under three cases, where the
differences between the optimum vector of each clusters are
large, medium and small. For the first case, the optimum
parameters are set as:

0.5,-0.4,0.3,-0.2,0.1],
0.4,-0.2,0.25,—0.1,0.1] ",
0.3,-0.3,-0.15,0.15, —0.2] 1,
—0.2,0.6,0.4,0.3, —0.5]",
—0.8,-0.1,0.1,0.2, —0.3] ",
—0.6,0.6,0.4,0.3, —0.5]",

[
[
o [
[
[
[

ST S B S TS RS
I

|
I N N

For the other two cases, the optimum parameter vectors of
each cluster are set as wg, = w” + Awg, . The w? is set
as [—0.2;0.3; —0.4;0.5; —0.7]. The Aw%p is set randomly
and varies within [—0.01 0.01] for the second case. For the
third case, it varies in [—0.06 0.1]. The iteration number
is set as 1500. For the M-TLS algorithms, the step size is
chosen as ;+ = 0.01. All the results are averaged over 100
independent trials. The input data is white process whose
variance is set as 1. The additive noises are also white pro-
cesses whose variances are set randomly at each node and
vary in [0.02 0.12].

The transient noise variance estimation mechanism per-
formance of the algorithms is shown in Figure 3.
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Fig. 3: Transient network MSD of the TLS-type algorithms
for case 1.

Fromk Figure 3, we can drop the conclusion that our pro-
posed algorithm has the best transient MSD performance
when the optimum parameter vectors of each cluster are
completely different.
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Fig. 4: Transient network MSD of the TLS-type algorithms
for case 2.

For case 2, where the differences between each optimum
parameter vectors are medium, the performance of M-TLS
is also as good as the AC-dTLS and the IND-dTLS.
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Fig. 5: Transient network MSD of the TLS-type algorithms
for case 3.

For case 3, we can drop the conclusion that all of the TLS-
type algorithms has nearly the same performances.

5 Conclusion

In this work, we study the problem of collaborative un-
biased estimation for M-EIV model over multi-agent net-
work. We propose an M-LTS algorithm that has an excellent
performance under the multi-task conditions. Our proposed
method minimizes the perturbation in both input and output
at each agent while the latter algorithm calculates and com-
pensates the bias. For the M-TLS, we use the proximal gra-
dient method to fulfill the calculation instead of SVD, which
reduces the computational cost greatly. The proposed algo-
rithms are implemented and tested under the diffusion dis-
tributed strategy of network cooperation for the reason that
the diffusion strategy is more robust to link failure though
it costs more communication resource. Simulation results
show that the M-TLS attains the good convergence rates and
its MSD performance is no worse than the other TLS-type al-
gorithms. In this research, we assume that the nodes between
different clusters do not have information interactions. In fu-
ture work, we will focus on the condition that the nodes dif-
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fused in different clusters can communicate with each other
and maintain the estimation collaboratively.
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